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In this paper we show that solutions of the heat equation that are given in terms of the
heat kernel define semigroups on the family of Fréchet spaces Lp0(Rd), the intersection (over
all ε > 0) of the spaces Lpε(Rd) of functions such that
∫
Rd e
−ε|x|2 |f(x)|p dx < ∞. These
spaces consist of functions that are ‘large at infinity’, and L10(Rd) is the maximal space in
which one can use the heat kernel to obtain globally-defined solutions of the heat equation.
We prove suitable estimates from Lp0(Rd) into L
q
0(Rd), q ≥ p, for these semigroups.
We then consider the heat semigroup posed in spaces that are dual to these spaces
of functions, namely the spaces Lp−ε(Rd) of very-rapidly decreasing functions such that∫
Rd e
ε|x|2 |f(x)|p dx < ∞. We show that (Lppε(Rd))′ = L
q
−qε(Rd) (with 1 < p < ∞ and
(p, q) conjugate), and that the heat flow on Lpε(Rd) is the adjoint of the flow on L
q
−δ(Rd) for
an appropriate (time-dependent) choice of δ.
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In a previous paper, [6], we considered solutions of the heat equation
ut −∆u = 0, x ∈ Rd, t > 0, u(x, 0) = u0(x). (1.1)
with initial data in the spaces
L1ε(Rd) :=
{




2 |f(x)| dx <∞
}
, (1.2)








We showed that, despite the large growth of these functions at infinity, such solutions can be
written using the heat kernel,







4t u0(y) dy, x ∈ Rd, t > 0, (1.3)
and satisfy the estimate
‖u(t)‖L1
ε(t)




for all 0 ≤ t < 1/4ε. Notice that in the estimates above, which will be shown to be optimal
in Section 3 (see Proposition 3.4), the solution must be estimated in a norm that changes
with time. In fact, as time advances, the estimate on the solution can only be performed in a
progressively worse space. We showed in [6] that, since we allow initial data which may be very
large at infinity, these solutions may not exist for all time, by a mechanism of mass moving from
infinity ; there we also characterised those initial data for which this happens and the points at
which the solution blows up.
We also showed that if the initial condition 0 ≤ u0 ∈ L1loc(Rd) gives rise to a globally defined
solution then we must have




Conversely, for u0 ∈ L10(Rd), (1.3) defines a global solution of the heat equation. Thus, the space
(1.5) is an optimal class for the global existence of solutions given by (1.3).
The starting point for this paper is the observation that if u0 ∈ L10(Rd) then for any δ > 0
and any t > 0 one can rewrite the estimate in (1.4) as




this shows in particular that S(t) : L10(Rd)→ L10(Rd) for every t > 0. Equipping L10(Rd) with an
appropriate topology (see Section 3) we thereby obtain a very natural example of a semigroup
defined on a Fréchet space.
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It is possible to extend the rich classical theory for solutions of the heat equation in Lebesgue





























in Section 4 we obtain Lppδ(t)–L
q























ε(Rd). Taking q = p shows that S(t) : Lp0(Rd) → L
p
0(Rd)
for every t > 0; we can use the solutions of the heat equation to define a semigroup on every
member of this family of Fréchet spaces.








(see (1.6)) that describes the time






appears, reflecting the fact that we are dealing with functions that are very large at infinity.
This term reflects the mechanism of mass moving from infinity that was shown in [6] to be able
to produce nonlinear-like behaviour in the solutions of (1.1).
The estimate in (1.7) shows another feature that reflects the fact that our chosen space of
initial conditions allows for large growth at infinity: to estimate the solution at time t in a fixed
space Lqqδ(R
d), it is necessary to measure the initial data in the space Lppδ(t)(R
d) that changes
with time, requiring better and better integrability of u0 as t increases, since δ(t) is decreasing.
In our previous paper [6] we used some duality arguments, pairing solutions of the equation
for initial data in L10(Rd) with solutions corresponding to initial data with compact support. In
the second half of this paper we present a much more systematic duality theory.








2 |f(x)|p dx <∞
}




















we deduce that (Lp0(Rd))′ = L
p′
−0(Rd) in Corollary 6.5.
In Corollary 6.7 we obtain Lp–Lq type estimates for the action of the heat semigroup in these
spaces of very-rapidly decaying functions. In the final section we show that the heat flow in the
Lpε(Rd) spaces is the adjoint of the heat flow in the Lp−ε(Rd) spaces in the sense that for each






for u0 ∈ Lppδ(t)(R
d) and ϕ ∈ Lp
′
−p′δ(R
d), where δ(t) := δ/(1 + 4δt).
The results from the first half of the paper form an important ingredient in our analysis of
the non-autonomous problem
ut −∆u+ λu = f(t)
and the associated elliptic equation
−∆u+ λu = f
in a forthcoming paper [7].
2 Some previous results
In this section we quote some results from [6] that will be needed below. We consider the Cauchy
problem
ut −∆u = 0, x ∈ Rd, t > 0, u(x, 0) = u0(x), (2.1)
whose solutions are expected to be given in terms of the heat kernel by








if u0 ∈ L1loc(Rd) or, more generally, if u0 is a Radon measure u0 ∈Mloc(Rd) by













Cc(Rd) we consider the final topology for the inclusions Cc(K) ↪→ Cc(Rd), K⊂⊂Rd, see [2, 3].
In [6], solutions of the form (2.2) for equation (2.1) were constructed for initial data in the












2 ∈ L1(d|µ|), for ε > 0, where |µ| denotes the total variation of µ. It is natural to




























2 |f(x)| dx (2.5)
for which a positive constant function f(x) ≡ c has norm c. This space is also a Banach space.
If f ∈ L1ε(Rd) then f ∈Mε(Rd) and ‖f‖Mε(Rd) = ‖f‖L1ε(Rd).










ρε(x) dx = 1, (2.6)






ρε2(x); x ∈ Rd (2.7)







and therefore Mε(Rd) and L1ε(Rd) are increasing in ε > 0 and
The following result is taken from Theorem 3.6 in [6].
Theorem 2.1. Suppose that u0 ∈Mε(Rd). Set T (ε) = 1/4ε, and let u(x, t) be given by (2.2).
Then u(t) ∈ L∞loc(Rd) for t ∈ (0, T (ε)), u ∈ C∞(Rd×(0, T (ε))), and u satisfies (2.1) pointwise












i.e. u(t)→ u0 as t→ 0+ in the sense of measures.
It is also clear that if 0 ≤ u0 ∈ Mε(Rd) is non-zero then u(x, t) > 0 for all x ∈ Rd,
t ∈ (0, T (ε)), i.e. the Strong Maximum Principle holds.
Conversely it was proved in Lemma 3.2 in [6] that if 0 ≤ u0 ∈ Mloc(Rd), u(x, t) is given by
(2.2) and satisfies u(x, t) <∞ for some x ∈ Rd, t > 0 then
u0 ∈Mε(Rd) for every ε > 1/4t.
Hence the spaces (2.3) are the natural ones in which to consider solutions of (2.1) that can be
written in the form (2.2).
Some additional properties of the solutions in Theorem 2.1 are given in the following result,
see Proposition 3.7 in [6].
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Proposition 2.2. Suppose that u0 ∈Mε(Rd), set T (ε) = 1/4ε, and let u(x, t) be given by (2.2).
Then
(i) For 0 < t < T (ε) and for any δ ≥ 14(T (ε)−t) > ε we have u(t) ∈ L
1










(Rd) ≤ ‖u0‖Mε(Rd). (2.9)
(ii) For 0 ≤ s < t < T (ε)
u(t) = S(t− s)u(s).
(iii) For any multi-index α ∈ Nd, for 0 < t < T (ε) and for any δ > 14(T (ε)−t) > ε we have
Dαxu(t) ∈ L1δ(Rd). Moreover for any γ > 1 and 0 < t <
T (ε)
















(iv) For any multi-index α ∈ Nd, m ∈ N and for each t0 ∈ (0, T (ε)) there exists δ(t0) > ε such
that the mapping (0, T (ε)) 3 t 7→ Dα,mx,t u(t) is continuous in L1δ(t0)(R
d) at t = t0.
Remark 2.3. (i) Notice that for any multi-index α ∈ Nd and any 0 < β < 1 (with even β = 0
























Estimates (2.11) and (2.12) are at the core of the proof that u ∈ C∞(Rd × (0, T (ε))) in
Theorem 2.1 and of parts (iii) and (iv) of Proposition 2.2; they will be used again below.
(ii) The index δ(t0) in part (iv) of Proposition 2.2 can be taken as δ(t0) = (1−γ)(1−β) 14t0 > ε,
provided that t0 < T := (1− γ)(1− β)T (ε).
Notice that (2.9) implies that the solution lies, at each time, in a space that progressively
deteriorates, since ε(t) is increasing. That is, the integrability of the solution worsens with time.
This estimate will be improved to an equality for non-negative initial data later in Proposition
3.4, showing in particular that it is optimal.
The solutions above attain the initial data in the following sense, see Corollaries 3.8 and 3.9
in [6].
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Corollary 2.4. If u0 ∈ Mε(Rd), let u(x, t) be given by (2.2) and ϕ ∈ C0(Rd) is such that





ϕdu0 as t→ 0.
If u0 ∈ L1ε(Rd) then for any δ > ε we have
u(t)→ u0 in L1δ(Rd) as t→ 0+.
Additionally (i) if u0 ∈ Lploc(R
d) with 1 ≤ p < ∞ then u(t) → u0 in Lploc(R
d) as t → 0+; (ii) if
u0 ∈ C(Rd) then u(t)→ u0 in L∞loc(Rd) as t→ 0+.
Finally, a uniqueness result was obtained in Theorem 4.1 in [6].
Observe that for u0 ∈Mε(Rd) the solution of the heat equation in Theorem 2.1 satisfies






















Therefore estimates (2.9) and (2.10) imply that we can estimate the solution of the heat equation
by its value at x = 0.
3 The heat semigroup in the Fréchet spaces L10(Rd) and M0(Rd)








Proposition 3.1. If u0 ∈ M0(Rd) then u(x, t), given by (2.2), is well defined for all x ∈ Rd
and t > 0.
Conversely, if 0 ≤ u0 ∈Mloc(Rd) and u(x, t) is defined for all t > 0 then u0 ∈M0(Rd).
This shows that the spaces (3.1) are optimal for globally-defined solutions of (2.1) that are
given by (2.2). Our goal in this paper is to analyze the heat flow given by (2.2) in these spaces.








the expressions in (2.5) and (2.4), respectively, define a family of seminorms. It follows that
L10(Rd) and M0(Rd) are Fréchet spaces4.
4Recall that a Fréchet space is a vector space X equipped with a countable family {pj}∞j=1 of seminorms with
respect to which X is complete: if (xn)
∞
n=1 is a sequence in X that is Cauchy with respect to every seminorm pj
then there exists x ∈ X such that pj(xn − x)→ 0 for every j.
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Lemma 3.2. The spaces L10(Rd) and M0(Rd) with the family of norms (2.5) and (2.4) respec-
tively, are Fréchet spaces, where a sequence (un) converges to u0 in M0(Rd) (respectively in
L10(Rd)) if and only if un → u0 in Mε(Rd) (resp. in L1ε(Rd)) for every ε > 0. Convergence in
M0(Rd) (resp. in L10(Rd)) implies convergence in Mloc(Rd) (resp. in L1loc(Rd)).
Proof. We prove the result in L10(Rd). The case of M0(Rd) follows similar lines. Just note that
from (2.8) it is enough to consider a countable family of the norms (2.5) corresponding to a
decreasing sequence εk → 0. This defines a locally convex topology in L10(Rd). Since each space
L1ε(Rd) is a Banach space it follows that L10(Rd) is complete, and hence a Fréchet space. The
rest is immediate.
Now we prove that the heat equation (1.1) defines a semigroup of solution operators in the
Fréchet spaces L10(Rd) and M0(Rd).
Proposition 3.3. The family of mappings defined by
u(t) = S(t)u0, u0 ∈M0(Rd), t ≥ 0
as in (2.2), satisfy S(t) : M0(Rd) −→ L10(Rd), are linear, continuous and order preserving.
Furthermore, {S(t)}t≥0 is a continuous semigroup in L10(Rd) and in M0(Rd). In the former
space the semigroup is continuous at t = 0. In the latter, the semigroup is continuous at t = 0
in the sense of measures.
Finally, for any δ > 0 we have






The inequality in (3.2) becomes an equality if u0 ≥ 0.






‖u0‖Mδ̃(t)(Rd), t > 0, (3.3)
with δ̃(t) = δ1+4γδt . In particular, for t > 0, D
α
xS(t) : M0(Rd) −→ L10(Rd) is linear and contin-
uous.
Proof. From part (i) in Proposition 2.2 it follows that S(t) : M0(Rd) −→ L10(Rd) is well defined
for every t > 0. Indeed for any fixed t > 0 and u0 ∈ M0(Rd), take any δ > 0 and choose ε > 0
such that δ > ε, 0 < t < T (ε) = 1/4ε and δ = 14(T (ε)−t) , that is ε = δ(t) =
δ
1+4δt . Then (2.9) gives
(3.2). This in turn gives S(t)u0 ∈ L10(Rd) and the continuity of S(t) : M0(Rd) −→ L10(Rd). Now
part (ii) in Proposition 2.2 implies that {S(t)}t≥0 is a semigroup in both L10(Rd) and M0(Rd).
The order-preserving property follows from Theorem 2.1. We will show that the inequality in
(3.2) becomes an equality if u0 ≥ 0 as part of Proposition 3.4 below.
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Now we prove that the solution curves of the semigroup are continuous in L10(Rd). To see
this, fix any u0 ∈ M0(Rd) and t0 > 0. Using part (iv) of Proposition 2.2 with α = 0 and part
(ii) in Remark 2.3, given δ > 0, chose β = 0, 0 < γ < 1 and ε > 0 such that δ > (1− γ) 14t0 > ε,
that is, t0 < T := (1− γ)T (ε). Then t 7→ u(t) is continuous in L1δ(Rd) at t = t0.
Also, if u0 ∈ L10(Rd) then Corollary 2.4 implies the semigroup is continuous at t = 0 in
L1δ(Rd) for any δ > 0. On the other hand, Theorem 2.1 implies that the semigroup is continuous
at t = 0 in M0(Rd) in the sense of measures.








that is ε̃ = δ̃(t) = δ1+4γδt then (2.10) gives (3.3).
Before continuing, and as mentioned above, we will first improve (2.9) in Proposition 2.2
[and hence (3.2) in Proposition 3.3] to equalities for non-negative initial data.
Proposition 3.4. Assume that 0 ≤ u0 ∈Mε(Rd) and let u(x, t) be given by (2.2).
(i) For every δ > ε and 0 ≤ t ≤ 14ε −
1
4δ = T (ε)− T (δ)
‖u(t)‖L1δ(Rd) = ‖u0‖Mδ(t)(Rd)
with δ(t) = δ1+4δt . In particular, this estimate holds for any δ > 0 and t > 0 whenever
0 ≤ u0 ∈M0(Rd).























Notice that completing the square we obtain






∣∣∣∣x− 11 + 4δtz























































with δ(t) = δ1+4δt .
First, since δ(t) is decreasing, for δ > ε the right hand side is defined up to the time for
which δ(t) = ε, that is, for 0 ≤ t ≤ 14ε −
1
4δ = T (ε)− T (δ).
Second, given t with 0 < t < T (ε), choose δ = ε(t) = 14(T (ε)−t) =
ε





Now we prove that the semigroup curves are more regular in space and time.
Proposition 3.5. For each u0 ∈M0(Rd) and any multi-index α ∈ Nd, the solution curve
(0,∞) 3 t 7−→ DαxS(t)u0 ∈ L10(Rd)




then the solution curve is Cω, i.e. analytic, in (0,∞).
Proof. For any multi-index α ∈ Nd, for any u0 ∈ M0(Rd), t0 > 0 and δ > 0, part (iii) in
Proposition 2.2 implies Dαxu(t0) ∈ L1δ(Rd) provided we chose δ >
1
4(T (ε)−t0))
> ε, i.e. ε < δ1+4δt0 .
Hence Dαxu(t0) ∈ L10(Rd). Also using part (iv) of Proposition 2.2 and part (ii) in Remark 2.3,
given δ > 0, chose 0 < β, γ < 1 and ε > 0 such that δ > (1 − β)(1 − γ) 14t0 > ε, that is,
t0 < T := (1− β)(1− γ)T (ε). Then t 7→ Dαxu(t) is continuous in L1δ(Rd) at t = t0.
Now we prove the time regularity of the solution curves. For this we first prove that they
are differentiable in L10(Rd) with ddtS(t)u0 = ∂tS(t)u0 = ∆S(t)u0. For this, for t > 0 and δ > 0,
we show that
I(h) =
S(t+ h)u0 − S(t)u0
h
− ∂tS(t)u0




(K(x− y, t+ h)−K(x− y, t)
h
− ∂tK(x− y, t)
)
du0(y)
where K(x, t) = (4πt)−d/2e−
|x|2















θ∆2K(x− y, t+ θ̃h) du0(y)
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for some θ, θ̃ ∈ [0, 1] depending on x, y. Now we take a > 0 small enough and |h| ≤ at. Now
the kernel H(x− y, t) = θ∆2K(x− y, t+ θ̃h) can be bounded in modulus by a term of the form
ce−(1−β)
|x−y|2
4t with 0 < β < 1 small enough. Now for any δ > 0 and t > 0, choose ε > 0 such
that 0 < t < T (ε) and δ > (1− γ)(1− β) 14t > ε for some 0 < γ < 1. Now as in (2.11) and (2.12)
we obtain that the integral term in the expression above for I(h) is bounded in L1δ(Rd). Hence
I(h)→ 0 in that space as h→ 0.





t S(t)u0 = (−∆)mS(t)u0,
which we have already proved are continuous in time in L1δ(Rd) for any δ > 0. Therefore the
curves of the semigroup are C∞((0,∞), L10(RN )).








and are continuous in time in L1δ(Rd) for any δ > 0 and hence in L10(Rd).
Finally we prove the analyticity of the curves of the semigroup. For this we will prove that



























with εj for j = 1, . . . ,m− 1 satisfy εj+1 < g(εj) = εj1+4εj tm
, ε0 = δ. Hence if (3.4) is satisfied the
series converges in L1δ(RN ).













S(t/2 + h)u0 − S(t/2)u0)
h
.













































in L10(Rd) and the continuity of (−∆)mS( mm+1 t) : L
1


































To justify the last step above observe that in general we have
S(s)(−∆)S(t) = −∆S(t+ s) t, s > 0. (3.7)
To see this note that
−∆S(t+ s)u0 = lim
h→0





S(t+ h)u0 − S(t)u0
h
and again we use limh→0
S(t+h)u0−S(t)u0
h = (−∆)S(t)u0 in L
1
0(Rd) and the continuity of S(s) in
that space.
The proof of (3.4) leads us naturally to define the following spaces of measures or functions.





Analogously, L10,B(Rd) is the subspace of L10(Rd) consisting of functions such that
|||u0|||L10,B(Rd) := supε>0
‖u0‖L1ε(Rd) <∞; (3.9)




Notice that these are very large spaces containing all the Lebesgue spaces Lp(Rd) and all the
uniform Lebesgue spaces LpU (R
N ) for 1 ≤ p ≤ ∞. AlsoM0,B(Rd) contains the space of uniform
measures MU (Rd); see [6].
Before we discuss the action of the semigroup S(t) on these spaces, we first prove some of
their properties.
Lemma 3.7. The spaces L10,B(Rd) ⊂ M0,B(Rd) are proper subsets of L10(Rd) and M0(Rd),
respectively, and with the norms (3.9) and (3.8) are Banach spaces such that
L1U (Rd) ⊂ L10,B(Rd) ⊂ L10(Rd) and MU (Rd) ⊂M0,B(Rd) ⊂M0(Rd)
with continuous inclusions.
Furthermore, M0,B(Rd) can be characterized as the space of all u0 ∈ Mloc(Rd) such that
the solution of the heat equation (1.1) given by (2.2) is defined for all t > 0 and u(·, ·;u0) is
uniformly bounded in sets |x|√
t
≤ R, with R > 0.
Proof. Notice that it is immediate that (3.9) is a norm and L10,B(Rd) ⊂ L10(Rd) with continuous
inclusion. If {un}n ⊂ L10,B(Rd) is a Cauchy sequence in the norm (3.9) then clearly un → u0
in L10(Rd) for some u0 ∈ L10(Rd) and also |||un|||L10,B(Rd) ≤ C independent of n ∈ N. Hence
u0 ∈ L10,B(Rd). Also for any ε > 0, some n0 ∈ N and all n,m ≥ n0 we have, for any δ > 0,
‖un − um‖L1δ(Rd) ≤ ε.
Taking the limit as m→∞ we get un → u0 in L10,B(Rd) and this space is complete.
The proof for M0,B(Rd) follows the same lines.
The characterization ofM0,B(Rd) follows from Proposition 6.1 in [6]. Also thatM0,B(Rd) is
a proper subspace ofM0(Rd) follows from Section 6.2 in [6]. Finally, thatMU (Rd) ⊂M0,B(Rd)
and L1U (Rd) ⊂ L10,B(Rd) follows from Proposition 5.2 in [6] and the characterization above.
The following result concerning the solutions of the heat equation with initial data in
L10,B(Rd) orM0,B(Rd) is essentially immediate from Propositions 3.3 and 3.5, since the constants
in the estimates (3.2), (3.3), and (3.6) do not depend on δ.
Proposition 3.8. The spaces L10,B(Rd) andM0,B(Rd) are invariant subspaces for the semigroup
S(t) in M0(Rd), which satisfies
|||S(t)u0|||L10,B(Rd) ≤ |||u0|||M0,B(Rd), t > 0






|||u0|||M0,B(Rd), t > 0.
In particular S(t) : L10,B(Rd)→ L10,B(Rd) is an analytic order-preserving contraction semigroup.
See [4, 5] for details on analytic semigroups.
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4 An Lpε(Rd) theory
Our goal in this section is to obtain a suitable Lpε(Rd) theory for the heat semigroup S(t) from
Section 3. For this we define below some suitable weighted Lp–like spaces and obtain suitable
invariance properties as well as suitable Lp–Lq-like estimates. The estimates we obtain reflect
the same type of singularities near t = 0 as the classical estimates in Lebesgue spaces, but, as
we are dealing with functions that can become very large at infinity, they differ from the usual
estimates for large times in the presence of an additional algebraic growth factor, which (as
mentioned in the Introduction) reflects the mechanism of ‘mass moving from infinity’ described
in [6]. Also, it will be necessary to estimate solutions and/or initial data in a different space
for each time. This reflects the fact that, as in (2.9), the solution moves with time to a worse
space or, as in its equivalent form (3.2), that to estimate the solution in a given space we need
an integrability of the initial data that increases with time.


















and for p =∞
L∞ε (Rd) :=
{






‖f‖L∞ε (Rd) := sup
x∈Rd
ρε(x)|f(x)|. (4.2)









These are Fréchet spaces with the corresponding family of norms.
The spaces above have the following inclusion properties.
Lemma 4.1. (i) The spaces Lpε(Rd) are increasing in ε for every 1 ≤ p ≤ ∞.
(ii) For 0 < γ ≤ ε and any 1 ≤ q ≤ p <∞ we have
Lpγ(Rd) ⊂ Lqε(Rd)
and if 0 < γ < ε and 1 ≤ q ≤ ε/γ we have
L∞γ (Rd) ⊂ Lqε(Rd)
with continuous inclusions with norm one. In particular,





d) ⊂ L10(Rd), 1 ≤ q ≤ p ≤ ∞.
Proof. (i) Notice that (2.7) implies that the spaces Lpε(Rd) are increasing in ε > 0 for 1 ≤ p ≤ ∞.












p/q = cρεαp/q(x), we take 0 < α < 1 such that εαp/q = γ which is possible since
γ/ε ≤ 1 < p/q.














which is finite, provided that 1 ≤ q < ε/γ.










(iii) Follows easily from (ii).
The following result characterizes the complex interpolation spaces between L1ε(Rd) and




qε estimates on the semigroup S(t).
Note that the natural norm on the interpolation space differs from the norm on Lppε(Rd) by a
factor that depends on both p and ε.
Lemma 4.2. For 1 < p <∞ the complex interpolation spaces between L1ε(Rd) and L∞ε (Rd) are
given by
























Proof. The operator Φε defined by setting
Φε(f) := ρεf
is an isometric isomorphism from L1ε(Rd)→ L1(Rd) and from L∞ε (Rd)→ L∞(Rd). Thus for any
θ ∈ (0, 1) it follows that
Φε : [L
1
ε(Rd), L∞ε (Rd)]θ → [L1(Rd), L∞(Rd)]θ
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is also an isometric isomorphism.
From the Riesz–Thorin interpolation theorem, see [1], we have
[L1(Rd), L∞(Rd)]1/p′ = Lp(Rd), 1 < p <∞,
and since ρpε(x) = cε,pρpε(x), with cε,p = (ε/π)
d
2
(p−1)p−d/2, we obtain (4.3) and (4.4).
Remark 4.3. From Lemma A.1 in [6] the operator Φε in the proof of Lemma 4.2 can be defined





that is, dΦε(µ) = ρεdµ. Therefore in this setting we have Φε : Mε(Rd) → MBTV(Rd) =(
C0(Rd)
)′
, the space of measures of bounded total variation, is also an isometric isomorphism.
Finally, defining
Cε,0(Rd) = {f ∈ L1loc(Rd) : ρεf ∈ C0(Rd)} ⊂ L∞ε (Rd)
with the norm (4.2), then Φε : Cε,0(Rd)→ C0(Rd) is also an isometric isomorphism.
In what follows we denote by S(t) the map from M0(Rd) into L10(Rd) introduced in Propo-
sition 3.3. We start by proving the following estimates of “L1–L∞” and “L∞–L∞” type.
Proposition 4.4. If u0 ∈ M0(Rd) then u(t) = S(t)u0 given by (2.2) satisfies the following
estimates for any δ > 0, t > 0 and δ(t) = δ1+4δt .







(ii) If u0 ∈ L∞0 (Rd) then u(t) ∈ L∞0 (Rd) for all t > 0 and




Proof. Setting 0 < δ = 14τ , from (2.2) we have
e−δ|x|
















∣∣∣∣x− τt+ τ z

















(i) First, from (4.8) we get
e−δ|x|








Therefore, setting δ(t) = 14(t+τ) =
δ





























and we get (4.5).
(ii) From (4.8) we also get
e−δ|x|

















Now, setting again δ(t) = 14(t+τ) =
δ












































and we get (4.6).
The estimates above and the “L1–L1” bounds in (3.2) will yield the general “Lp–Lq” bounds
via interpolation. However, first we improve the regularity estimates in Proposition 3.3 for initial
data in M0(Rd).


















In particular, S(t) :M0(Rd) −→ Lq0(Rd) is continuous.






















that leads to (4.9).
Now we obtain the corresponding regularity estimates assuming the initial data is in Lp0(Rd).
Theorem 4.6. If u0 ∈ L10(Rd) then u(t) = S(t)u0 given by (2.2) satisfies the following estimates.
If u0 ∈ Lp0(Rd) with 1 ≤ p < ∞ and for any 1 ≤ p ≤ q < ∞, then u(t) ∈ L
q
0(Rd) for all t > 0






















. For q =∞ we have





















In particular, S(t) : Lp0(Rd) −→ L
q
0(Rd) is continuous.
Proof. (i) Notice that (3.2) for u0 ∈ L10(Rd) reads ‖u(t)‖L1δ(Rd) ≤ ‖u0‖L1δ(t)(Rd), By interpolating
this estimate and (4.6) with θ = 1p′
|||u(t)|||p,δ ≤ (1 + 4δt)
d/p′ |||u0|||p,δ(t) (4.12)
with δ(t) = δ1+4δt .



















































By reiteration of the interpolation argument in (4.3) we have that for 1− θ = pq , with q > p
we get
[Lppδ(R








Lp(Rd) and between L∞δ (Rd) and L∞(Rd). Since for q > p and 1− θ =
p
q we ave
[Lp(Rd), L∞(Rd)]θ = Lq(Rd)
we get the claim.


































































with δ(t) = δ1+4δt which leads to (4.10).
We can also obtain the following bounds on the derivatives of the solutions.
Proposition 4.7. If u0 ∈ M0(Rd) then u(t) = S(t)u0 given by (2.2) satisfies the following
estimates.





























(ii) If u0 ∈ Lp0(Rd) with 1 ≤ p ≤ ∞ for any multi-index α ∈ Nd and for any 1 ≤ p ≤ q ≤ ∞,


































Proof. Using (2.11) in Remark 2.3 we obtain,
e−|x|














t′ = γt, with γ = 11−β > 1, replacing t in the integral term. Therefore we can proceed first as in
the proof of Proposition 4.4 and obtain from (4.17) the estimates in there with the right hand
side in terms of t′ = γt and with δ̃(t) = δ1+4δt′ .









































which leads to (4.15).
(ii) After the estimates as in Proposition 4.4 sketched above, we can proceed as in Theorem 4.6
(using (3.3)) and obtain from (4.17) all estimates in there with the right hand side in terms of
t′ = γt and with δ̃(t) = δ1+4δt′ . Writing everything in terms of t we get, analogously to (4.11)

































Again, using the norms (4.1) and (4.4) we get the result.
Note that Theorem 4.6 ensures the invariance of Lp0(Rd) under the semigroup S(t). This
combined with Proposition 4.7 yields the following.
Proposition 4.8. Assume that 1 ≤ p <∞. For u0 ∈ Lp0(Rd) the family of mappings defined by
u(t) = S(t)u0, t ≥ 0,
as in (2.2), satisfy S(t) : Lp0(Rd) −→ L
p
0(Rd), are linear, continuous, and order preserving and
{S(t)}t≥0 is a semigroup in Lp0(Rd). Also for any multi-index α ∈ Nd ∪ {0}, any p ≤ q ≤ ∞,




0(Rd) is linear and continuous.
Proof. From Proposition 3.3 and Theorem 4.6 with q = p and Proposition 4.7 it only remains
to prove the continuity at t = 0. For this note that for any ϕ ∈ Cc(Rd) we have for δ > 0
‖S(t)u0 − u0‖Lppδ(Rd) ≤ ‖S(t)u0 − S(t)ϕ‖Lppδ(Rd) + ‖S(t)ϕ− ϕ‖Lppδ(Rd) + ‖ϕ− u0‖Lppδ(Rd).
Let γ > 0 and take ϕ ∈ Cc(Rd) such that




2 |u0(x)− ϕ(x)|p dx < γp.
To see this note that for R > 0, if supp(ϕ) ⊂ B(0, R) then∫
Rd
e−ε|x|









The second term is small for R large and so is the first one if we approach u0 by ϕ in L
p(B(0, R)).
Now for any δ > ε and all sufficiently small t we get ε < δ(t) = δ1+4δt < δ. Then from (4.10)
with q = p we have



















Finally, we know that S(t)ϕ−ϕ→ 0 uniformly in Rd as t→ 0. Hence ‖S(t)ϕ−ϕ‖Lppδ(Rd) → 0
as t→ 0, which proves the required continuity at t = 0.
Now we improve the regularity of the solution curves in Proposition 3.5.
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Proposition 4.9. For each u0 ∈ M0(Rd), any 1 ≤ p < ∞, and any multi-index α ∈ Nd, the
solution curve








then the solution curve is Cω((0,∞), Lp0(Rd)), i.e. analytic.
Proof. From Proposition 3.3 we can assume that u0 ∈ L10(Rd). Otherwise, we use the semigroup
property and for any sufficiently small ε > 0, consider initial data S(ε)u0 ∈ L10(Rd)
Now for u0 ∈ L10(Rd), fix ε > 0 and t > 0 and a multi-index α ∈ Nd, write
DαxS(t+ h)u0 −DαxS(t)u0 = DαxS(t− ε)
(
S(ε+ h)u0 − S(ε)u0
)
→ 0, h→ 0,
since from Proposition 3.5 the term in parentheses converges to 0 in L10(Rd) and, from (4.16),
DαxS(t− ε) is continuous from L10(Rd) to L
p
0(Rd).
If additionally u0 satisfies (3.4) then from Proposition 3.5 for any fixed γ > 0 and t0 > 0 the
Taylor series





um)(t0)(t− t0)m, with um)(t0) = Sm)(t0)u0
has a positive radius of convergence in L1γ(Rd). Also, from (3.7), for any ε > 0,
um)(t0) = (−∆)mS(t0)u0 = S(ε)(−∆)mS(t0 − ε)u0.
Hence, from (4.10) we get for δ > 0 and γ = δ1+4δε
‖um)(t0)‖Lppδ(Rd) ≤ C(ε)‖(−∆)
mS(t0 − ε)u0‖L1γ(Rd) = C(ε)‖u
m)(t0 − ε)‖L1γ(Rd), m ∈ N
and so the Taylor series has a positive radius of convergence in Lppδ(R
d) at least as large as that
in L1γ(Rd).
Notice that all the estimates we have obtained so far in this section have been for initial data
in the spaces Lp0(Rd), 1 ≤ p ≤ ∞, or M0(Rd).
Now we will use the fact that for 1 ≤ p <∞ the space Lp0(Rd) is dense in all spaces L
p
ε(Rd)
for ε > 0 and M0(Rd) is dense in Mε(Rd) for ε > 0. The proof of this fact will be deferred to
Section 6 where it will be proved in a broader context; see Lemma 6.2 and Lemma 6.3. Given
this, a density argument allows us to extend the estimates above to initial data in the spaces
Lpε(Rd), where solutions of the heat equation may exist only for finite time, see [6]. In particular,
we extend estimates (3.2), (4.5), (4.6), (4.9), (4.10) and (4.11).





T (ε)− T (δ).
22
(i) For any u0 ∈Mε(Rd) we have
‖u(t)‖L1δ(Rd) ≤ ‖u0‖Mδ(t)(Rd),


















for 1 ≤ q <∞.
(ii) For any u0 ∈ L∞ε (Rd) we have

































which hold for 0 < t < T (pε) = 1pT (ε) if δ ≥ p
′ε or for 0 < t ≤ T (ε)− T (δ) if δ < p′ε.
Proof. Just notice that for u0 ∈ Mε(Rd), estimates (3.2), (4.5) and (4.9) remain valid as long
as δ(t) ≥ ε which leads to 0 < t ≤ T (ε) − T (δ). Hence we get part (i). The same happens for
u0 ∈ L∞ε (Rd) in (4.6) and we get (ii).
Finally, for part (iii), for u0 ∈ Lppε(Rd) ⊂ L1pε(Rd), (4.10) and (4.11) remain valid as long
as 0 < t < T (pε) = 1pT (ε) and δ(t) ≥ ε, i. e. 0 < t ≤ T (ε) − T (δ). Therefore, if δ ≥ p
′ε the
estimates are valid for all 0 < t < T (pε) = 1pT (ε). On the other hand, if δ < p
′ε the estimates
are valid for all 0 < t ≤ T (ε)− T (δ).
We now prove a dual version of this result, in which the solution is estimated in a norm that
depends on time but the initial space is fixed.








































for 1 ≤ q <∞.

















































Proof. Since ε > 0 and 0 < t < T (ε), we set δ = ε(t) = 14(T (ε)−t) =
ε
(1−4εt) > ε and then
t = 14ε −
1
4δ = T (ε)− T (δ) and δ(t) =
δ









The result follows then from Proposition 4.10.
Notice that estimates on derivatives in (3.3) (4.15) and (4.16), can be extended along the
same lines.
As a consequence of Propositions 4.10 and 4.11, if for ε > 0 we define
Xpε :=
{
Lppε(Rd), if 1 ≤ p <∞
Lpε(Rd), if p =∞.
(4.18)
then for any 1 ≤ p ≤ q ≤ ∞ (even t = 0 if p = q) the maps
S(t) : Xpδ(t) −→ X
q















are continuous and Propositions 4.10 and 4.11 provide estimates on their norms.
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5 Growth and decay as t→∞
As a consequence of the results above we obtain the following characterization of the initial data
for which the solution of the heat equation stays bounded or decays to zero in the Fréchet spaces
Lq0(Rd).
Proposition 5.1. (i) If u0 ∈ M0,B(Rd) as in Definition 3.6 then u(t) = S(t)u0 is bounded
in Lq0(Rd), 1 ≤ q ≤ ∞, for t ≥ 1 while it decays to zero in L
q
0(Rd), 1 ≤ q ≤ ∞, as t→∞
provided
‖u0‖Mε(Rd) → 0, ε→ 0
a condition that is equivalent to u(x, t)→ 0 uniformly in sets |x|√
t
≤ R.
The converse is also true if u0 ≥ 0.
(ii) If u0 ∈ L∞0 (Rd) then u(t) = S(t)u0 is bounded in L∞0 (Rd) if
1
εd
‖u0‖L∞ε (Rd) ≤ C, ε→ 0
while it decays to zero in L∞0 (Rd) provided
1
εd
‖u0‖L∞ε (Rd) → 0, ε→ 0.
(iii) If u0 ∈ Lp0(Rd), 1 ≤ p <∞, then u(t) = S(t)u0 is bounded in L
q








‖u0‖Lpε(Rd) ≤ C, ε→ 0








‖u0‖Lpε(Rd) → 0, ε→ 0.
Proof. Part (i) for q = 1 follows from (3.2) in Proposition 3.3 and Proposition 6.1 in [6]. For
1 < q ≤ ∞ it follows from (4.5) and (4.9). For this note that in these estimates we take









is bounded for t > 0.
The converse follows from Proposition 3.4 above, using that convergence in Lq0(Rd) implies
convergence in L10(Rd).
Part (ii) follows from (4.6) while part (iii) follows from (4.10) and (4.11). For this note again





























Observe that an analogous result can be obtained for the derivatives Dαu(x, t), from (4.15),
(4.17) by adding a factor ε|α|/2 to the estimates on u0 above.
Note that since we are dealing with initial data that can be very large as |x| → ∞, equation
(1.1) has some unusual properties.
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Lemma 5.2. The spectrum of −∆, as an operator on L10(Rd), is the whole of R.
Proof. For any µ > 0, take ω ∈ Rd such that |ω|2 = µ. Then the function ϕ(x) = eωx ∈ L10(Rd)
satisfies
−∆ϕ = −µϕ, µ = |ω|2.
On the other hand, φ(x) = eiωx ∈ L10(Rd) satisfies
−∆φ = µφ, µ = |ω|2.
This implies that for any µ > 0 and ω as above
u(x, t) = eµt+ωx x ∈ Rd, t > 0
is a globally defined solution of (1.1) in L10(Rd). In particular, for any δ > 0 the L1δ(Rd) norm




with u0(x) = e
ωx. Hence the heat semigroup S(t) has solutions that grow at an arbitrarily large
exponential rate in the L1δ(Rd) norm, for every fixed δ > 0.
Note however that estimate (3.2) reads
‖u(t)‖L1δ(Rd) = e
µt‖u0‖Mδ(Rd) ≤ ‖u0‖Mδ(t)(Rd)
with δ(t) = δ1+4δt , and a relatively elementary computation that involves completing the square













with δ̃(t) = δ1+4γδt .
This gives a good indication why we cannot use a single L1ε(Rd) norm to study the dynamics
of solution in L10(Rd), but instead we have to use the Fréchet structure.
6 Duality
Our goal in this section is to prove that the heat solutions for large initial data in Propositions
3.3 and 4.8 are in natural duality with heat solutions for ‘very rapidly’ decaying initial data.
This will give a suitable and natural integrability of heat solutions for large initial data against
very rapidly decaying test functions, see Propositions 6.11 and 6.13 below. For this we first
identify the dual space of Lpε(Rd).
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6.1 Spaces of very rapidly decaying functions
















, ρ0(x) = 1.
Clearly for suitable constants we have ρερδ = cε,δρε+δ and ρ
δ
ε = cε,δρδε for ε, δ ∈ R.



































and for p =∞
L∞−ε(Rd) :=
{









Obviously L1−ε(Rd) ⊂M−ε(Rd) with equal norms.
Finally, we define the subspace of (6.3)
C−ε,0(Rd) = {f ∈ L1loc(Rd) : ρ−εf ∈ C0(Rd)} ⊂ L∞−ε(Rd)
with the norm (6.4). Observe that all these spaces are made of measures or functions that decay
‘very rapidly’ as |x| → ∞, in some sense ‘faster than e−ε|x|2 ’.
Before continuing, observe that, analogously to Lemma 4.1, we have the following results.
Lemma 6.1. (i) The spaces M−ε(Rd) and Lp−ε(Rd), 1 ≤ p ≤ ∞, are decreasing in ε > 0.





(iii) For ε > 0 and 1 ≤ p ≤ ∞
Lp−ε(Rd) ⊂ Lp(Rd) ∩ L1(Rd)
and
M−ε(Rd) ⊂MBTV(Rd)
the space of measures of bounded total variation.













































































which is finite provided q ≥ 1 > εγ .
For (iii) just observe that for f ∈ Lp−ε(Rd)∫
Rd




2 |f |p(x) dx
∫
Rd




















As in Lemma 4.2 and Remark 4.3 the operator Φ−ε(f) := ρ−εf is an isometric isomorphism
between the following pairs of spaces:










Φ−ε : C−ε,0(Rd)→ C0(Rd).
Clearly Φε and Φ−ε are the inverse of each other.
































Cc(Rd) Cc(Rd) Cc(Rd) 3 ϕ
(6.5)
Observe that analogously to Lemma 4.2 the spaces Lp−pε(Rd) are the complex interpolation

































We now observe the following density results.
Lemma 6.2. For any ε 6= 0, the set Cc(Rd) is dense in Lpε(Rd), for 1 ≤ p <∞, and in Cε,0(Rd).
Proof. Observe that f ∈ X with X = Lpε(Rd) or X = Cε,0(Rd) if and only if ρεf ∈ Y with
Y = Lp(Rd) or Y = C0(Rd). Then there exist ϕn ∈ Cc(Rd) such that ϕn → ρεf in Y . Therefore
ρ−εϕn → f in X and ρ−εϕn ∈ Cc(Rd).
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Lemma 6.3. For ε 6= 0, Cε,0(Rd) is dense in Mε(Rd) in the sense of measures.
Proof. If µ ∈ Mε(Rd) then ρεµ ∈ MBTV(Rd) and then we claim that there exist ϕn ∈ C0(Rd)












for every η ∈ Cc(Rd). That is ρ−εϕn → µ in the sense of measures and ρ−εϕn ∈ Cε,0(Rd).
To prove the claim above note that from Lemma 5.3 in [6] we have that for µ ∈MBTV(Rd)
the solution of the heat equation given by (2.2) satisfies
‖S(t)µ‖BTV ≤ ‖µ‖BTV, t > 0,






)‖µ‖BTV, t > 0.
and we also know that S(t)µ → µ in the sense of measures. Then it is enough to show that
S(t)µ ∈ C0(Rd) as it is in BUC(Rd)∩L1(Rd). Indeed if f ∈ BUC(Rd)∩L1(Rd) and there exists
{xn}n with |xn| → ∞ and L > 0 such that |f(xn)| > L, then we can assume |xn − xm| ≥ δ > 0
for n 6= m and some δ > 0 and then since f ∈ BUC(Rd) we get some r > 0 with r < δ and such
that for x ∈ B(xn, r), |f(x)| > L2 . But then
∫
Rd |f | =∞ which is a contradiction.
Using this we can describe the dual spaces (and corresponding norms) of the spaces above.





= L∞−ε(Rd), and (f, g) 7→
∫
Rd
f(x)g(x) dx defines a duality pairing between these




(ii) For 1 < p <∞ and 1p +
1







and (f, g) 7→
∫
Rd
























and (f, µ) 7→
∫
Rd
f(x) dµ(x) defines a duality pairing between


















Hence, denoting g = ρεh ∈ Lp
′
−p′ε(R
d) if 1 < p < ∞ or g ∈ L∞−ε(Rd) if p = 1 we get the result.
Notice also
|L(f)| ≤ ‖fρε‖Lp(Rd)‖h‖Lp′ (Rd) = |||f |||p,ε|||g|||p′,−ε









. Hence, there exists a








with dµ = ρ−ε dσ ∈Mε(Rd). Also
|L(f)| ≤ ‖fρ−ε‖C0(Rd)‖σ‖MBTV(Rd) = ‖f‖L∞−ε(Rd)‖µ‖Mε(Rd).






using the definition we obtain the following characterization of the dual space of Lp0(Rd).












if and only if for some ε > 0, cε > 0 and for all f ∈ Lp0(Rd)
we have
|L(f)| ≤ cε‖f‖Lpε(Rd).









−ε(Rd) then for some ε > 0, |L(f)| ≤ cε‖f‖Lpε(Rd) for all f ∈ L
p
ε(Rd)






6.2 The heat flow in spaces of very-rapidly decaying functions
Now we analyze the heat semigroup (2.2) in the spaces of very rapidly decaying functions (6.1),
(6.2), (6.3). Notice that from Lemma 6.1 all solutions with such initial data are globally defined.
Also, like the estimates in Section 2, the estimates below imply that the solution enters, at
each time, a larger space, as γ(t) decreases with time. Even in this setting the solution ‘loses
integrability’ as time increases.
Proposition 6.6. For γ, t > 0 define γ(t) := γ1+4γt .
(i) If ϕ ∈ L∞−γ(Rd), that is |ϕ(x)| ≤ Ae−γ|x|
2




u(t) = S(t)ϕ satisfies






, x ∈ Rd, t > 0
and so
‖S(t)ϕ‖L∞−γ(t)(Rd) ≤ ‖ϕ‖L∞−γ(Rd). (6.7)
(ii) If ϕ ∈M−γ(Rd) then u(t) = S(t)ϕ satisfies









‖ϕ‖M−γ(Rd), x ∈ R








(iii) If ϕ ∈M−γ(Rd) then u(t) = S(t)ϕ satisfies
‖S(t)ϕ‖L1−γ(t)(Rd) ≤ (1 + 4γt)
d‖ϕ‖M−γ(Rd) (6.9)
with equality if ϕ ≥ 0.
Proof. Observe that










so, completing the square yields
|x− y|2
4t
+ γ|y|2 = 1 + 4γt
4t
∣∣∣∣y − 11 + 4γtx











∣∣∣y− 11+4γtx∣∣∣2eγ|y|2 d|ϕ(y)|. (6.11)
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Then for part (i) from (6.11) with ϕ ∈ L∞−γ(Rd)
e
γ|x|2


























and the estimate follows.
























2 the result follows.























































2 the result follows.
Clearly, all inequalities above become equal signs if ϕ ≥ 0.
As a consequence we get the following estimates on the heat solutions for very rapidly
decaying initial data.
Corollary 6.7. For γ, t > 0 define γ(t) := γ1+4γt .






































































Proof. (i) Interpolate (6.8) and (6.9) with θ = 1p′ to get












































and we get (6.12).































and we get (6.13).
(iii) Interpolate (6.7) and (6.9) for ϕ ∈ L1−γ(Rd) with θ = 1p′ to obtain
|||S(t)ϕ|||p,−γ(t) ≤ (1 + 4γt)
d(1−θ)|||ϕ|||p,−γ = (1 + 4γt)
d/p|||ϕ|||p,−γ . (6.17)
Now interpolate (6.17) and (6.16) with θ = 1− pq to get , by reiteration of the interpolation,
‖S(t)ϕ‖[Lp−pγ(Rd),L∞−γ(Rd)]θ = |||S(t)ϕ|||q,−γ(t)
and then





























































and we get (6.14).
We can summarise some of the estimates above in a compact way if for γ > 0 we define
Y p−γ =
{
Lp−pγ(Rd), if 1 ≤ p <∞
Lp−γ(Rd), if p =∞,
(6.19)
cf. (4.18).
Corollary 6.8. For any t > 0 and 1 ≤ p ≤ q ≤ ∞ (even t = 0 if p = q)











for any t > 0 and 1 ≤ p ≤ q ≤ ∞ (even t = 0 if p = q), and S(·) satisfies the semigroup property
if p = q,
S(t+ s) = S(t) ◦ S(s), t, s ≥ 0.
We can obtain the following estimates on derivatives.

















(1 + 4γδt)d‖ϕ‖M−γ(Rd), (6.22)
wher γ̃(t) = γ1+4γδt and δ > 1.
Hence



























































which is like (6.10) with an extra factor 1
t|α|/2
and t′ = δt, with δ = 11−β > 1, replacing t in
the integral term. Therefore we can proceed as in the proof of Proposition 6.6 to obtain (6.20),
(6.21), (6.22).
Then interpolating as in Corollary 6.7 we get (6.23), (6.24), (6.25).
6.3 Dual heat flows
Now our goal is to show that the heat flow in the spaces Lpε(Rd) is the adjoint of the heat flow
in the spaces Lp−γ(Rd). A first indication for this comes from Theorem 2.1 from where we have






To prove this we will need the following preparatory result.
Lemma 6.10. Assume that µ ∈ Mε(Rd) and φ ∈ M−γ(Rd) with γ > ε, define T (ε) = 14ε ,










K(x− y, t) d|φ(x)|d|µ(y)| ≤ 1
(4πt(1− 4εt))d/2
‖µ‖Mε(Rd)‖φ‖M−ε(t)(Rd)










with γ(t) = γ1+4γt . Moreover, the inequalities above become equalities if µ, φ ≥ 0.




















K(x− y, t)eε|y|2e−ε|y|2 d|φ(x)|d|µ(y)|
and completing the square
|x− y|2
4t
− ε|y|2 = 1− 4εt
4t
∣∣∣∣y − 11− 4εtx



















































which is finite as long as ε(t) ≤ γ, that is 0 < t ≤ T (ε)− T (γ) = 14ε −
1
4γ .











K(x− y, t)e−γ|x|2eγ|x|2 d|φ(x)|d|µ(y)|
and completing the square
|x− y|2
4t
+ γ|x|2 = 1 + 4γt
4t
∣∣∣∣x− 11 + 4γty
∣∣∣∣2 + γ|y|21 + 4γt .



































































Note that Proposition 6.4 establishes a duality among the spaces Xpε from (4.18) and the
spaces Y q−γ from (6.19). Also the norms |||·|||p,ε and |||·|||p′,−ε are dual to each other. In particular,
using Proposition 4.10, we have the following result.
Proposition 6.11. Defining Xpε and Y
p
−ε as in (4.18) and (6.19), for any δ > 0, t > 0 and




p′ = 1 and any u0 ∈ X
p








Moreover in all the pairs of estimates (3.2)–(6.7), (4.9)–(6.13), (4.10)–(6.14), (4.6)–(6.9),
and (4.11)–(6.12) one estimate is dual of the other.
Proof. With the spaces in (6.5), the definitions in (4.18) and (6.19), from (4.19) we have that
S(t) : Xpδ(t) → X
q
δ
is continuous for 1 ≤ p ≤ q ≤ ∞.
Hence, for q <∞, using Proposition 6.4, the adjoint operator satisfies












for any u0 ∈ Xpδ(t) and ϕ ∈ Y
q′
−δ. Hence, from Lemma 6.10 we get S
′(t) = S(t).
Finally, since from Proposition 6.4 the norms |||·|||p,ε and |||·|||p′,−ε are dual to each other, the
adjoint operator satisfies the dual estimates (6.7), (6.13) (from (6.16)), and (6.14) (from (6.18)),
respectively.
Conversely, the estimates (6.9) in Proposition 6.6 and (6.14) (from (6.18)), (6.12) (from
(6.15)) in Corollary 6.7 imply that










for 1 < q′ ≤ p′ ≤ ∞. As above, from Lemma 6.10, S′(t) = S(t) and again from Proposition 6.4
the adjoint satisfies the dual estimates (4.6), (4.10) and (4.11) respectively.
As in Proposition 3.4 and Proposition 4.11, we can recast the results in Proposition 6.11 as
follows.
Corollary 6.12. For any ε > 0, 0 < t < T (ε) = 14ε , we have the following.
For any 1 ≤ p ≤ ∞, 1p +
1
p′ = 1 and any u0 ∈ X
p








Proof. As in the Proposition above for δ > 0, t > 0 and δ(t) = δ1+4δt < δ, we have (4.19) for
1 ≤ p ≤ q ≤ ∞.
So given ε > 0 and 0 < t < T (ε) set δ = ε(t) = 14(T (ε)−t) =
ε
(1−4εt) > ε and then δ(t) = ε.
This proves (i).
Also (ii) follows in the same way from (6.27).
Finally in the Fréchet space Lp0(Rd) we have the following.




−0(Rd) as in Corollary
6.8 is the adjoint of the heat flow S(t) : Lp0(Rd)→ L
q
0(Rd) as in Proposition 4.8.
In particular, for all u0 ∈ Lp0(Rd), v0 ∈ L
p′






Proof. For 1 ≤ p ≤ q < ∞ from Proposition 4.8, S(t) : Lp0(Rd) → L
q
0(Rd) is continuous. Hence
the adjoint satisfies S′(t) :
(
Lq0(Rd)















The results in this paper show that the heat equation defines, in a very natural way, a semigroup
on the family of Fréchet spaces Lp0(Rd), and that we need to use the whole family of seminorms
of Lp0(Rd) in order to understand the behaviour of the heat flow for such initial data.
We have also developed a systematic dual theory for both the Lp0(Rd) spaces and the heat
flow on these spaces.
We will use the estimates from the first part of the paper to analyse the inhomogeneous
equation
ut −∆u+ λu = f(t)
and deduce consequences for the elliptic equation
−∆u+ λu = f
for f ∈ Lp0(Rd) in our forthcoming paper [7].
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